Coulomb interaction of charges in a metamaterial
where V C =4e 2 /q 2 is the Fourier-transformed Coulomb potential in vacuum [1] .
Coulomb interaction of charges appears to be considerably enhanced in artificially engineered epsilon near zero (ENZ) [2] and hyperbolic [3] metamaterials. Indeed, very recently it was observed that negative ENZ conditions enhance superconducting properties of a composite metamaterial via enhancement of Cooper pairing. For example, tripling of the superconducting critical temperature has been observed in AlAl 2 O 3 ENZ core-shell and hyperbolic metamaterials [4, 5] . On the other hand, it may be expected that positive ENZ conditions will enhance Coulomb repulsion of charges, leading to enhancement of the Coulomb blockade effect in metamaterials. An artificially engineered metamaterial in which  eff (q,) is close to zero (while remaining positive) will experience considerable enhancement of repulsive electron-electron interaction, leading to enhancement of the Coulomb blockade effect and therefore to considerable enhancement of such practically important effects as single electron tunnelling, spin blockade, valley blockade, etc. While standard Coulomb blockade theory [6] [7] [8] considers circuits with constant voltage bias, more recent work [9] [10] [11] has addressed nanostructures driven by alternating voltages inspired by nanoelectronic experiments in the GHz range and above [12, 13] . Therefore, application of concepts developed in the field of electromagnetic metamaterials appears to be highly appropriate in the case of AC driven dynamical Coulomb blockade effect.
Currently developed Coulomb blockade-based electronic devices (see Fig.1a ), such as single electron transistors (SETs) and spintronic devices based on spin blockade need to have either extremely small nanometer-scale dimensions (leading to extremely small self-capacitance C) or must be cooled to near zero temperatures, so that k B T<e 2 /C condition would be fulfilled [14] . A positive ENZ metamaterial implemented as shown in Fig.1b may help overcome these limitations by making self-capacitance very small even in macroscopically large devices, so that AC driven SETs and spin blockade-based spintronic devices may be operated at room temperature. Such positive ENZ metamaterials may be fabricated using the same guiding principles as in fabrication of negative ENZ metamaterial superconductors. For example, carefully designed mixtures of positive and negative  materials may be implemented, as well as hyperbolic metamaterial designs [4, 5] . In this paper we are going to consider several such designs and derive metamaterial structural parameters necessary to achieve the dynamic Coulomb blockade effect in the GHz and THz ranges. We also demonstrate that in hyperbolic metamaterials the positive and negative ENZ conditions appear to coexist depending on the spatial direction, leading to competition between the charge density waves and the superconducting behaviour in such metamaterials.
First, let us consider isotropic ENZ designs, which may be achieved using either random mixtures of positive and negative  constituents (Fig.2a ) [15] , or using coreshell nanoparticle geometries (Fig.1b) [4] . According to the Maxwell-Garnett approximation [16] , random mixing of nanoparticles of a metal "matrix" with dielectric "inclusions" (described by the dielectric constants  m and  i , respectively) results in the effective medium with a dielectric constant  eff , which may be obtained as
where  i is the volume fraction of the inclusions. This expression is valid as long as  i is small. The explicit expression for  eff may be written as
The ENZ condition ( 0  design of an individual core-shell nanoparticle is based on the fact that scattering of electromagnetic field by a subwavelength object is dominated by its electric dipolar contribution, which is defined by the integral sum of its volume polarization [17] . A material with  >1 has a positive electric polarizability, while a material with <1 has a negative electric polarizability (since the local electric polarization vector P=(ε −1)E/4 is opposite to E). As a result, the presence of a metal shell cancels the scattering produced by a dielectric core. Similar consideration for the positive ENZ case leads to the following condition for the core-shell geometry:
where r 1 and r 2 are the radii of the dielectric core and the metal shell, respectively. Eq. (5) 
resulting in a broadband positive ENZ behaviour of the metal-dielectric metamaterial due to the similar ~ -2 functional behaviour of  i and  m in the THz range (see Eqs. (6) and (7)).
We have fabricated several nanoparticle-based metal-dielectric metamaterials of varying composition and measured their dielectric properties as illustrated in Figs. 2a and 3 and described in detail in [15] . These metamaterial samples were prepared using commercially available tin and barium titanate nanoparticles obtained from the US Research Nanomaterials, Inc. The nominal diameter of the BaTiO 3 nanoparticles was 50 nm, while tin nanoparticle size was specified as 60-80 nm. Our choice of materials was based on results of numerical calculations of the real part of the dielectric constant of the Sn/BaTiO 3 mixture shown in Fig.3a . These calculations were based on the measured dielectric properties of Sn [19] and BaTiO 3 [20] extrapolated by Eqs. (6) and (7), respectively, and on the Maxwell-Garnett expression, Eq. (3), for the dielectric permittivity of the mixture. These calculations indicated that it was possible to achieve broadband positive ENZ conditions in the 30-50% range of the volume fraction of When the island is surrounded by the positive ENZ metamaterial, its self-capacitance is greatly reduced leading to much more relaxed nanofabrication requirements, or the ability to operate such device at much higher temperatures. We should also note that low loss positive ENZ behavior is observed in low carrier concentration semiconductors just above their plasma frequency [21] , so that such materials may also be used instead of the composite ENZ metamaterials in AC driven Coulomb blockade devices. For example, the dielectric permittivity of silicon carbide at 29 THz is =0+i0.1, leading to Coulomb blockade enhancement by approximately factor of 10. Such a material choice would also automatically satisfy the usual requirement that the metamaterial structural parameter must be much smaller than the typical device scale, so that the macroscopic electrodynamics description of the device remains valid.
Turning now to anisotropic metamaterial designs, one of the most interesting cases would be enhancement of Coulomb blockade in hyperbolic metamaterials [3] . 
while staying positive. On the other hand, just across the borderline described by Eq. (9) where the denominator of Eq. (8) Thus, it is clear that superconductivity and the Coulomb blockade-induced charge ordering in hyperbolic metamaterials will compete with each other. Such a competition is indeed observed in many high Tc cuprates [22] , which often behave as natural hyperbolic materials [23] . For example, suppression of Tc in hole-doped La-based cuprates is well known to occur near x = 1/8 doping, coinciding with the organization of charge into stripe-like patterns with four lattice constants periodicity [24] . permittivities of the metal and dielectric, respectively [25] . In hyperbolic metamaterial superconductors the typical metal and dielectric layer are several nanometers thick [5] , so that the average inter-carrier distance may be comparable with the metamaterial periodicity:
Therefore as illustrated in Fig.4 , a Mott-like transition to a charge-ordered state may potentially occur in a hyperbolic metamaterial in such a way that the maxima of the spatial charge distribution would be aligned along the positive ENZ direction defined by Eq.(9). It is clear that under conditions set by Eq.(12) the simple macroscopic electrodynamic result given by Eqs.(10,11) may need corrections. This conclusion is relevant not only for hyperbolic metamaterial superconductors, but for many semiconducting hyperbolic metamaterial geometries as well (see for example [26] ).
Experimental observation of charge ordering in a hyperbolic metamaterial geometry under the conditions set by Eq.(12) may also clarify the physics of charge ordering in natural high Tc cuprates.
As far as the hyperbolic metamaterial-based Coulomb blockade devices are concerned, the design of such devices may also take into account the described anisotropy of the electron-electron interaction. This may be done in a straightforward manner due to directionality of current in typical Coulomb blockade devices, as illustrated in Fig.5 . The Coulomb blockade will be strongly enhanced if the direction of current is made to coincide with the positive ENZ direction set by Eq.(9). Using Eqs. (8) (9) (10) (11) we have calculated expected Coulomb blockade enhancement factors in the THz range for a graphene/Al 2 O 3 hyperbolic metamaterial described in [27] . Graphene-based plasmonic and metamaterial devices are known to perform well in a very broad THz frequency range. The real and imaginary parts of the hyperbolic metamaterial permittivities  1 and  2 at 37 THz have been extracted from Fig.5c of [27] . The calculated enhancement factor as a function of angle is shown in Fig.5b . Note that at angles above 27 degrees the effective Coulomb interaction changes sign. Even larger enhancement factors of the order of 10 may be expected in the SiC example at 29 THz mentioned above, where the imaginary part of  may be as small as 0.1 [21] . Such a large Coulomb blockade enhancement will lead to ten times higher operating temperature range of the device. 
